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Abstract
Let X be a compact Riemann surface of genus g > 1 and let G be a group of biholomorphic
mappings on X onto itself. Consider all pairs (X,G). We say that (X,G) is topologically equivalent
to (X′,G′) if there exists an o.p. (orientation preserving) homeomorphism h of X onto X′ such that
G′h = hG. In this paper, we shall classify the (X,G)’s up to topological equivalence in the case
g = 4.
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1. Introduction
Many mathematicians have studied biholomorphic mappings (automorphisms) of
compact Riemann surfaces onto themselves. Hurwitz [4] showed that 84(g − 1) is the
upper bound for the order of the group of automorphisms of a compact Riemann surface of
genus g > 1. Wiman [9] obtained the upper bound 4g+2 for the order of an automorphism.
In the middle of the last century, the study of automorphisms of compact Riemann surfaces
acquired greater importance from its relation with the problem of moduli and Teichmüller
space.
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of all automorphisms on X and let G be a subgroup of Aut(X). Consider all pairs
(X,G). We say that (X1,G1) is topologically equivalent to (X2,G2) if there exist an o.p.
(orientation preserving) homeomorphism h :X1 → X2 and an isomorphism ι :G1 → G2
such that ι(σ ) ◦ h= h ◦ σ for every σ ∈G1. We write (X1,G1)∼ (X2,G2) if (X1,G1) is
topologically equivalent to (X2,G2). It is known that a pair (X,G) determines a surjective
homomorphism ϕ :Γ → G with a torsion-free kernel, where Γ is a Fuchsian group
of the first kind having a compact orbit space. In Section 2, we define an equivalence
relation for ϕ’s such that there exists a bijective correspondence between the topological
equivalence classes of (X,G) and the equivalence classes of ϕ. We classify the ϕ’s up to
this equivalence relation in Propositions 1–4 in Section 3; we see that there exist seventy
five topological equivalence classes in the case g = 4.
A subgroup G of Aut(X) acts on the space Ω of all holomorphic 1-forms on X by the
rule σ ·ω= ω ◦σ−1 for σ ∈ Aut(X), ω ∈Ω . This action induces the matrix representation
ρ : Aut(X) → GL(g,C). By the Eichler Trace Formula, if (X1,G1) ∼ (X2,G2), then
ρ1 is equivalent to ρ2. Here ρi is the matrix representation of Gi induced by (Xi,Gi).
Hence the topological equivalence class [(X,G)] of (X,G) determines the equivalence
class [ρ] of the matrix representation ρ of G induced by (X,G). It is known that the map
[(X,G)] → [ρ] is injective for g = 2 and 3 (see [2,8]). In [7], they classified all the images
ρ(G) of the matrix representation ρ : Aut(X)→ GL(4,C) up to GL(4,C)-conjugate. From
their classification and our results above, we see that the map [(X,G)] → [ρ] is not
injective for g = 4.
We announced the results without proof in [6].
Notation. For elements x and y of a group, we denote the commutator [x, y] by [x, y] =
xyx−1y−1. We denote by |S| the cardinality of a finite set S. The order of an element σ of
a group is denoted by |σ |. For integers M and N, we denote by GCD{M,N} the greatest
common divisor of M and N .
2. Preliminaries
Let K be a Fuchsian group uniformizing X, i.e., X ∼= U/K and let Γ be the Fuchsian
group generated by the lifts to U of all elements of G, where U is the upper half complex
plane. Hereafter we identify X with U/K . For an element γ˜ ∈ Γ, there exists an element
γ ∈G such that
U
π
γ˜
U
π
X
γ
X
where π :U →X is the natural projection. Then we can define a surjective homomorphism
ϕ :Γ →G by ϕ(γ˜ )= γ . Note that kerϕ =K is torsion-free. We say that a homomorphism
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we see that a pair (X,G) determines a surface kernel homomorphism ϕ :Γ → G up to
Aut(U)-conjugate.
Conversely, a surface kernel homomorphism ϕ :Γ → G determines (Xϕ,Gϕ) where
Xϕ = U/kerϕ and Gϕ = Γ/kerϕ. We see that the pair (Xϕ,Gϕ) is topologically
equivalent to (X,G). We call [g0;m1, . . . ,mr ] the branching data of G if Γ has the
following presentation
Γ =
〈
α1, β1, . . . , αg0, βg0, γ1, . . . , γr
∣∣∣∣
g0∏
i=1
[αi,βi ]
r∏
j=1
γj = γm11 = · · · = γmrr = 1
〉
,
which is denoted by Γ (g0;m1, . . . ,mr).
Now assume (X1,G1) ∼ (X2,G2). Then there exists a lift h˜ :U → U of the o.p.
homeomorphism h :X1 →X2 such that
σ2 ◦ h˜= h˜ ◦ σ1 for every σ1 ∈ Γ1 and some σ2 ∈ Γ2.
Here ϕi :Γi →Gi denotes a surface kernel homomorphism determined by (Xi,Gi). Note
that h˜ is also an o.p. homeomorphism. We define an isomorphism
θ :Γ1 → Γ2 by θ(σ )= h˜ ◦ σ ◦ h˜−1 (σ ∈ Γ1).
We call this θ an isomorphism induced by the o.p. homeomorphism h˜. Therefore, if
(X1,G1)∼ (X2,G2) with ι :G1 →G2, then the following diagram is commutative.
Γ1
θ
ϕ1
G1
ι
Γ2
ϕ2
G2
Conversely, for surface kernel homomorphisms ϕi :Γi → Gi (i = 1,2), assume that
there exist an isomorphism θ induced by an o.p. homeomorphism and an isomorphism
ι :G1 → G2 such that the above diagram is commutative. Then we see easily that
(Xϕ1 ,Gϕ1) ∼ (Xϕ2 ,Gϕ2). Therefore we say that ϕ1 is topologically equivalent to ϕ2 if
there exist an isomorphism θ induced by an o.p. homeomorphism and an isomorphism
ι :G1 → G2 such that ι ◦ ϕ1 = ϕ2 ◦ θ . Then we see that ϕ :Γ → G is topologically
equivalent to ϕ′ :Γ ′ →G′ which is determined by (Xϕ,Gϕ).
We have a bijective correspondence between the topological equivalence classes of
(X,G) and those of ϕ; we shall therefore classify the surface kernel homomorphisms
ϕ :Γ → G up to topological equivalence in order to classify (X,G)’s up to the
equivalence ∼.
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there exists an isomorphism θ :Γ1 → Γ2 induced by a quasiconformal mapping, see [5].
Remark 2. A surjective homomorphism ϕ :Γ (g0;m1, . . . ,mr)→ G is surface kernel if
and only if |ϕ(γi)| =mi for every i = 1, . . . , r; see [3].
3. Classification of surface kernel homomorphisms
In this section, we classify the surface kernel homomorphisms ϕ :Γ → G up to
topological equivalence in the case g = 4; we obtain the following propositions.
In [7], Kuribayashi and Kuribayashi determined all the images ρ(G) of the matrix
representation ρ : Aut(X)→ GL(4,C) up to GL(4,C)-conjugate and their branching data.
They broke their classification into Propositions 2.1–2.4, Proposition 2.1 for cyclic G,
Proposition 2.2 for noncyclic G with |G| = 2n or 3n, Proposition 2.3 for noncyclic G
with |G| = 5k (k  2), and Proposition 2.4 for noncyclic G with |G| = 2p3q (p, q  1).
By the injectivity of ρ and Remark 1, it is sufficient to classify the surface kernel
homomorphisms ϕ :Γ (g0;m1, . . . ,mr)→ G˜ up to topological equivalence for each ρ(G)
in [7, Propositions 2.1–2.4]. Here [g0;m1, . . . ,mr ] is the branching data of G, and G˜ is a
finite (abstract) group which is isomorphic to ρ(G). (Hereafter we identify G with G˜.) We
shall carry out this in Propositions 1–4 below.
Proposition 1. Let X be a compact Riemann surface of genus 4 and let G be a
cyclic subgroup of Aut(X). Let ϕ :Γ → G be a surface kernel homomorphism which
is determined by (X,G). Then ϕ is topologically equivalent to one and only one of
Φ1, . . . ,Φ30 below.
Φ(α1), . . . ,Φ(βg0),Φ(γ1), . . . ,Φ(γr)
(a): |G| = 1.
Φ1 :Γ (4;−)→Z1 1,1,1,1,1,1,1,1
(b): |G| = 2.
Φ2 :Γ (0;2,2,2,2,2,2,2,2,2,2)→ Z2 A,A,A,A,A,A,A,A,A,A
Φ3 :Γ (1;2,2,2,2,2,2)→ Z2 1,1,A,A,A,A,A,A
Φ4 :Γ (2;2,2)→ Z2 1,1,1,1,A,A
(c): |G| = 3.
Φ5 :Γ (2;−)→Z3 1,1,1,A
Φ6 :Γ (1;3,3,3)→Z3 1,1,A,A,A
Φ7 :Γ (0;3,3,3,3,3,3)→ Z3 A,A,A,A,A,A
Φ8 :Γ (0;3,3,3,3,3,3)→ Z3 A,A,A,A2,A2,A2
(d): |G| = 4.
Φ9 :Γ (0;2,2,2,2,4,4)→ Z4 A2,A2,A2,A2,A,A3
Φ10 :Γ (0;2,4,4,4,4)→ Z4 A2,A,A,A,A3
Φ :Γ (1;4,4)→Z 1,1,A,A311 4
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Φ12 :Γ (0;5,5,5,5)→Z5 A,A,A,A2
Φ13 :Γ (0;5,5,5,5)→Z5 A,A,A4,A4
Φ14 :Γ (0;5,5,5,5)→Z5 A,A2,A3,A4
(f ): |G| = 6.
Φ15 :Γ (0;2,6,6,6)→Z6 A3,A,A,A
Φ16 :Γ (1;2,2)→Z6 A,A,A3,A3
Φ17 :Γ (0;2,2,2,3,6)→ Z6 A3,A3,A3,A2,A
Φ18 :Γ (0;2,2,3,3,3)→ Z6 A3,A3,A2,A2,A2
Φ19 :Γ (0;3,3,6,6)→Z6 A2,A2,A,A
Φ20 :Γ (0;3,3,6,6)→Z6 A2,A4,A,A5
(g): |G| = 8.
Φ21 :Γ (0;2,2,8,8)→Z8 A4,A4,A,A7
(h): |G| = 9.
Φ22 :Γ (0;9,9,9)→ Z9 A,A,A7
(i): |G| = 10.
Φ23 :Γ (0;2,2,5,5)→Z10 A5,A5,A2,A8
Φ24 :Γ (0;5,10,10)→ Z10 A2,A9,A9
Φ25 :Γ (0;5,10,10)→ Z10 A2,A,A7
(j): |G| = 12.
Φ26 :Γ (0;3,12,12)→ Z12 A4,A,A7
Φ27 :Γ (0;4,6,12)→Z12 A3,A2,A7
(k): |G| = 15.
Φ28 :Γ (0;3,5,15)→Z15 A5,A3,A7
(l): |G| = 16.
Φ29 :Γ (0;2,16,16)→ Z16 A8,A,A7
(m): |G| = 18.
Φ30 :Γ (0;2,9,18)→Z18 A9,A2,A7
Here Zn = 〈A |An = 1〉.
Proposition 2. Let X be a compact Riemann surface of genus 4 and let G be a noncyclic
subgroup of Aut(X) of order 2n or 3n. Let ϕ :Γ →G be a surface kernel homomorphism
which is determined by (X,G). Then ϕ is topologically equivalent to one and only one of
Φ31, . . . ,Φ41 below.
Φ(α1), . . . ,Φ(βg0),Φ(γ1), . . . ,Φ(γr)
(a): |G| = 4.
Φ31 :Γ (0;2,2,2,2,2,2,2)→ Z2 ×Z2 A,A,A,B,B,B,AB
Φ32 :Γ (0;2,2,2,2,2,2,2)→ Z2 ×Z2 A,A,A,A,A,B,AB
Φ :Γ (1;2,2,2)→Z ×Z 1,1,A,B,AB33 2 2
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Φ34 :Γ (0;2,2,2,2,4)→D8 B,B,B,AB,A
Φ35 :Γ (0;2,2,2,2,4)→D8 A2,A2,B,AB,A
Φ36 :Γ (0;2,4,4,4)→Q8 A2,A,B,AB
(c): |G| = 16.
Φ37 :Γ (0;2,2,2,8)→D16 A4,B,A3B,A7
Φ38 :Γ (0;4,4,8)→〈2,2,4〉 B,A3B,A7
(d): |G| = 32.
Φ39 :Γ (0;2,4,16)→ S32 B,A9B,A
(e): |G| = 9.
Φ40 :Γ (0;3,3,3,3)→ Z3 ×Z3 A,A,B,AB2
Φ41 :Γ (0;3,3,3,3)→ Z3 ×Z3 A,A2,B,B2
Here
Z2 ×Z2 =
〈
A,B
∣∣A2 = B2 = 1,AB = BA〉,
D8 =
〈
A,B
∣∣A4 = B2 = 1,B−1AB =A−1〉,
Q8 =
〈
A,B
∣∣A4 = 1,A2 = B2 = (AB)2〉,
D16 =
〈
A,B
∣∣A8 = B2 = 1,B−1AB = A−1〉,
〈2,2,4〉 = 〈A,B ∣∣A8 = 1,A4 = B2 = (AB)2〉,
S32 =
〈
A,B
∣∣A16 = B2 = 1,B−1AB =A7〉,
Z3 ×Z3 =
〈
A,B
∣∣A3 = B3 = 1,AB = BA〉.
Proposition 3. Let X be a compact Riemann surface of genus 4 and let G be a noncyclic
subgroup of Aut(X) of order 5k (k  2). Let ϕ :Γ →G be a surface kernel homomorphism
which is determined by (X,G). Then ϕ is topologically equivalent to one and only one of
Φ42, . . . ,Φ50 below.
Φ(α1), . . . ,Φ(βg0),Φ(γ1), . . . ,Φ(γr)
(a): |G| = 10.
Φ42 :Γ (0;2,2,5,5)→D10 B,B,A,A4
Φ43 :Γ (0;2,2,5,5)→D10 B,AB,A4,A2
(b): |G| = 20.
Φ44 :Γ (0;2,2,2,5)→D20 A5,B,A3B,A8
Φ45 :Γ (0;4,4,5)→〈2,2,5〉 B,A3B,A8
Φ46 :Γ (0;4,4,5)→G(5,4,3,1) B,AB3,A2
Φ47 :Γ (0;2,10,10)→ Z10 ×Z2 A5,AB,A4B
(c): |G| = 40.
Φ :Γ (0;2,4,10)→D ✄<Z AB,A3C,A2BC448 8 5
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Φ49 :Γ (0;2,5,5)→A5 AB,A,B
(e): |G| = 120.
Φ50 :Γ (0;2,4,5)→ S5 A,AB4,B
Here
D10 =
〈
A,B
∣∣A5 = B2 = 1,B−1AB =A−1〉,
D20 =
〈
A,B
∣∣A10 = B2 = 1,B−1AB =A−1〉,
〈2,2,5〉 = 〈A,B ∣∣A10 = 1,A5 = B2 = (AB)2〉,
G(5,4,3,1)= 〈A,B ∣∣A5 = B4 = 1,B−1AB = A2〉,
Z10 ×Z2 =
〈
A,B
∣∣A10 = B2 = 1,AB = BA〉,
D8 ✄<Z5 =
〈
A,B,C
∣∣∣∣ A4 = B2 = C5 = 1,B−1AB = A−1,A−1CA= C−1,BC = CB
〉
,
A5 =
〈
A,B |A= (13254),B = (13524)〉,
S5 =
〈
A,B |A= (12),B = (12543)〉.
Proposition 4. Let X be a compact Riemann surface of genus 4 and let G be a noncyclic
subgroup of Aut(X) of order 2p3q (p, q  1). Let ϕ :Γ → G be a surface kernel
homomorphism which is determined by (X,G). Then ϕ is topologically equivalent to one
and only one of Φ51, . . . ,Φ75 below.
Φ(α1), . . . ,Φ(βg0),Φ(γ1), . . . ,Φ(γr)
(a): |G| = 6.
Φ51 :Γ (0;2,2,2,2,2,2)→D6 B,B,B,B,AB,AB
Φ52 :Γ (1;2,2)→D6 1,A,B,B
Φ53 :Γ (0;2,2,3,3,3)→D6 B,B,A,A,A
(b): |G| = 12.
Φ54 :Γ (0;2,2,3,6)→Z6 ×Z2 A3,B,A2,AB
Φ55 :Γ (0;6,6,6)→ Z6 ×Z2 A,AB,A4B
Φ56 :Γ (0;2,2,2,2,2)→D12 A3,B,B,A2B,A5B
Φ57 :Γ (0;2,2,3,6)→D12 B,AB,A2,A5
Φ58 :Γ (1;2)→A4 A,C,B
Φ59 :Γ (0;2,3,3,3)→A4 A,C,C,ABC
(c): |G| = 18.
Φ60 :Γ (0;2,2,3,3)→D6 ×Z3 A,AB,B2C,C2
Φ61 :Γ (0;2,2,3,3)→D6 ×Z3 A,A,BC,B2C2
Φ62 :Γ (0;3,6,6)→D6 ×Z3 B,AC,AB2C2
Φ :Γ (0;3,6,6)→D ×Z BC,AC,AB2C63 6 3
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Φ65 :Γ (0;3,6,6)→Z6 ×Z3 A2,AB,A3B2
(d): |G| = 24.
Φ66 :Γ (0;2,2,2,4)→ S4 AB,A3B,A3C,ABC
Φ67 :Γ (0;2,6,12)→D8 ×Z3 B,AB,A5
Φ68 :Γ (0;3,4,6)→〈2,3,3〉 C,A3,AC2
(e): |G| = 36.
Φ69 :Γ (0;2,6,6)→D6 ×Z6 B,AC,A2BC5
Φ70 :Γ (0;3,3,6)→A4 ×Z3 D,AC2D2,ABC
Φ71 :Γ (0;2,2,2,3)→ (Z2 ×Z2)✄< (Z3 ×Z3) A,BC,ABD,C2D2
Φ72 :Γ (0;2,6,6)→ (Z2 ×Z2)✄< (Z3 ×Z3) A,BCD,ABC2D
Φ73 :Γ (0;3,4,4)→Z4 ✄< (Z3 ×Z3) B,A,A3B2
(f ): |G| = 72.
Φ74 :Γ (0;2,3,12)→ S4 ×Z3 AB,CD,A3CD2
Φ75 :Γ (0;2,4,6)→D8 ✄< (Z3 ×Z3) B,AC,A3BC2
Here
D6 =
〈
A,B
∣∣A3 = B2 = 1,B−1AB =A−1〉,
Z6 ×Z2 =
〈
A,B
∣∣A6 = B2 = 1,AB = BA〉,
D12 =
〈
A,B
∣∣A6 = B2 = 1,B−1AB =A−1〉,
A4 =
〈
A,B,C
∣∣∣∣ A2 = B2 = C3 = 1,AB = BA,C−1AC = B,C−1BC =AB
〉
,
D6 ×Z3 =
〈
A,B
∣∣A2 = B3 = 1,A−1BA= B2〉× 〈C | C3 = 1〉,
((3,3,3;2))= 〈A,B,C ∣∣A2 = B3 = C3 = 1,A−1BA= B2,A−1CA= C2,BC = CB〉,
Z6 ×Z3 =
〈
A,B
∣∣A6 = B3 = 1,AB = BA〉,
S4 =
〈
A,B,C
∣∣∣∣ A4 = B2 = C3 = 1,B−1AB =A−1,A−1CA= C2A2,C−1BC =A2B,C−1A2C = B
〉
,
D8 ×Z3 =
〈
A,B
∣∣A12 = B2 = 1,B−1AB =A7〉,
〈2,3,3〉 =
〈
A,B,C
∣∣∣∣ A4 = 1,A2 = B2,B−1AB =A−1,C3 = 1,C−1AC = B,C−1BC =AB
〉
,
D6 ×Z6 =
〈
A,B
∣∣A3 = B2 = 1,B−1AB =A−1〉× 〈C | C6 = 1〉,
A4 ×Z3 =
〈
A,B,D
∣∣∣∣ A2 = B2 =D3 = 1,AB = BA,D−1AD = B,D−1BD =AB
〉
× 〈C | C3 = 1〉,
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=
〈
A,B,C,D
∣∣∣∣ A2 = B2 = C3 =D3 = 1,AB = BA,A−1CA= C2,A−1DA=D2,B−1CB = C2,BD =DB,CD =DC
〉
,
Z4 ✄< (Z3 ×Z3)=
〈
A,B,C
∣∣∣∣ A4 = B3 = C3 = 1,A−1BA= C,A−1CA= B2,BC = CB
〉
,
S4 ×Z3 =
〈
A,B,C
∣∣∣∣ A4 = B2 = C3 = 1,B−1AB =A−1,A−1CA= C2B,C−1BC =A2
〉
× 〈D |D3 = 1〉,
D8 ✄< (Z3 ×Z3)
=
〈
A,B,C,D
∣∣∣∣ A4 = B2 = C3 =D3 = 1,B−1AB =A−1,A−1CA=D2,A−1DA= C,B−1CB =D,CD =DC
〉
.
As shown in Section 2, there exists a bijective correspondence between the topological
equivalence classes of (X,G) and those of ϕ. If G1 ⊂ Aut(X1) is not isomorphic to G2 ⊂
Aut(X2), then (X1,G1) is not topologically equivalent to (X2,G2), hence Propositions
1–4 imply Theorem 1 below.
Theorem 1. Let X be a compact Riemann surface of genus 4 and let G be a
subgroup of Aut(X). Then (X,G) is topologically equivalent to one and only one of
(XΦ1,GΦ1), . . . , (XΦ75,GΦ75) which correspond to Φ1, . . . ,Φ75, respectively.
Comparing Propositions 2.1–2.4 in [7] with Propositions 1–4, we get the following
Theorem 2.
Theorem 2. Let X be a compact Riemann surface of genus 4 and let G be a subgroup of
Aut(X). If G is isomorphic to neither the cyclic group Z5 of order 5 nor the dihedral group
D10 of order 10, then the map [(X,G)] → [ρ] is injective. If G is isomorphic to either Z5
or D10, then [(X,G)] → [ρ] is not injective.
Proof of the noninjectivity of [(X,G)] → [ρ].
Case: G is isomorphic to Z5. By [7, Proposition 2.1(d)], ρ(G) is GL(4,C)-conjugate
to one of the following three groups.
(1)G(5)=
〈(
ζ
ζ
ζ2
ζ3
)〉
,
(2)H(5,20)=
〈(
ζ
ζ2
ζ3
ζ4
)〉
,
(3)G(5,5× 2)=
〈(
ζ
ζ2
ζ3
4
)〉
,ζ
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√−1
5 . From Proposition 1 and its proof, we see that the topological
equivalence class of Φ12 (resp. Φ13,Φ14) corresponds to the GL(4,C)-conjugate class
of G(5) (resp. H(5,20),G(5,5× 2)). However, as they already mentioned in [7, p. 286,
Note], H(5,20) and G(5,5× 2) are the same.
Case: G is isomorphic to D10. By [7, Proposition 2.3(a)], ρ(G) is GL(4,C)-conjugate
to one of the following two groups.
(1)H(5× 2,10)=
〈(
ζ
ζ2
ζ3
ζ4
)
,
( 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
)〉
,
(2)G(5× 2)=
〈(
ζ
ζ2
ζ3
ζ4
)
,
( 0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
)〉
.
From Proposition 3 and its proof, we see that the topological equivalence class of Φ42
(resp. Φ43) corresponds to the GL(4,C)-conjugate class of H(5× 2,10) (resp. G(5× 2)).
However, H(5× 2,10) and G(5× 2) are the same.
Thus we see that if G is isomorphic to either Z5 or D10, then [(X,G)] → [ρ] is not
injective. ✷
4. Proofs of propositions
In this section, we prove Propositions 1–4. As was mentioned in Section 3, we consider
all surface kernel homomorphisms ϕ :Γ (g0;m1, . . . ,mr) → G and classify them up to
topological equivalence. To do this, we need the following two lemmas. Using Lemmas 1
and 2, we exclude redundant ϕ’s from further consideration.
Lemma 1. Let Γ = Γ (g0;m1, . . . ,mr) be a Fuchsian group with both r  2 and mi =
mi+1 for some i, and let ϕ :Γ → G be a surface kernel homomorphism. For generators
γi, γi+1 of Γ, we assume that ϕ(γi) and ϕ(γi+1) are contained respectively in conjugate
classes CI and CJ of G. Then there exists a surface kernel homomorphism ϕ′ :Γ → G
which is topologically equivalent to ϕ and satisfies the following properties:
ϕ′(γi) ∈ CJ , ϕ′(γi+1) ∈ CI ,
ϕ(γ )= ϕ′(γ ) for a generator γ ( = γi, γi+1) of Γ.
Proof. We define a surface kernel homomorphism ϕ′ :Γ →G as follows:
ϕ′ :
(
γi → ϕ(γiγi+1γ−1i )
γi+1 → ϕ(γi)
)
,γ → ϕ(γ )
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Γ
θ(i,i+1)
ϕ
G
id.
Γ
ϕ′
G
where θ(i,i+1) is the isomorphism of Γ (which is induced by an o.p. homeomorphism)
defined by
θ(i,i+1) :

 γi → γi+1γi+1 → γ−1i+1γiγi+1
γ → γ

 for a generator γ = γi, γi+1,
and id. is the identity map of G. Thus we see that ϕ′ has the required properties. ✷
For a subset S of a group G, we denote by CG(S) the centralizer of S in G.
Lemma 2. Let Γ = Γ (g0;m1, . . . ,mr) be a Fuchsian group with r  1, let ϕ :Γ → G
be a surface kernel homomorphism and let s be an element of G which is G-conjugate
to ϕ(γ1). (Recall that γ1 is the generator of Γ of order m1.) Then there exists a surface
kernel homomorphism ϕ′ :Γ →G with ϕ′(γ1)= s which is topologically equivalent to ϕ.
If r  2 and there exists an element X ∈ CG(ϕ′(γ1)) which satisfies
Xϕ′(γ2)X−1 = t for some t ∈G,
then there exists a surface kernel homomorphism ϕ′′ with ϕ′′(γ1) = s, ϕ′′(γ2) = t which
is topologically equivalent to ϕ. If further r  3 and there exists an element Y ∈
CG({ϕ′′(γ1), ϕ′′(γ2)}) which satisfies
Yϕ′′(γ3)Y−1 = u for some u ∈G,
then there exists a surface kernel homomorphism ϕ′′′ with ϕ′′′(γ1) = s, ϕ′′′(γ2) = t ,
ϕ′′′(γ3)= u which is topologically equivalent to ϕ.
Proof. Since ϕ is surjective, there exists an x ∈ Γ such that ϕ(x)ϕ(γ1)ϕ(x)−1 = s. For
this x , put ϕ′(γ ) := ϕ(xγ x−1). Then we have a commutative diagram
Γ
ix
ϕ
G
id.
Γ
ϕ′
G
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ϕ′(γ1) = ϕ(xγ1x−1) = s. Thus we see that ϕ′ has the required properties. Since ϕ′ is
surjective, there exists an x˜ ∈ Γ such that ϕ′(x˜)=X. For this x˜, put ϕ′′(γ ) := ϕ′(x˜γ x˜−1).
Then we have a commutative diagram:
Γ
ix˜
ϕ′
G
id.
Γ
ϕ′′
G
Further, we have
ϕ′′(γ1)= ϕ′
(
x˜γ1x˜
−1)=Xϕ′(γ1)X−1 = ϕ′(γ1)= s
and
ϕ′′(γ2)= ϕ′
(
x˜γ2x˜
−1)=Xϕ′(γ2)X−1 = t .
Thus we see that ϕ′′ has the required properties. Similarly, we can define ϕ′′′ which satisfies
the required properties. ✷
In the following discussion, we shall deal with only isomorphisms of a Fuchsian group
induced by an o.p. homeomorphism; we call them simply isomorphisms. As for a criterion
for an isomorphism induced by an o.p. homeomorphism, see [2, Proposition 2.4].
Proof of Proposition 4. We shall prove here only the case (d)|G| = 24; the proofs of the
other cases are similar. Let G be an automorphism group of order 24 of a compact Riemann
surface of genus 4. By [7, Proposition 2.4], we have either
Case 1: G is isomorphic to S4 and the branching data of G is [0;2,2,2,4].
Case 2: G is isomorphic to D8 ×Z3 and the branching data of G is [0;2,6,12].
Case 3: G is isomorphic to 〈2,3,3〉 and the branching data of G is [0;3,4,6].
Case 1. We shall classify the surface kernel homomorphismsΓ (0;2,2,2,4)→ S4 up to
topological equivalence. The conjugate classes of the symmetric group S4 are as follows:
C0 = {1}, C1 =
{
A,A3,AC,A3C2,ABC,ABC2
}
, C2 =
{
A2,B,A2B
}
,
C3 =
{
AB,A3B,A3C,A3BC,AC2,A3BC2
}
,
C4 =
{
C,C2,A2C,A2C2,BC,BC2,A2BC,A2BC2
}
,
where C1,C2,C3,C4 are conjugate classes of elements of order 4,2,2,3, respectively.
By Remark 2 and Lemma 1, it is sufficient to consider only surface kernel homomor-
phisms ϕ :Γ (0;2,2,2,4)→ S4 which satisfy one of the following four conditions:
(1) ϕ(γ1) ∈ C2, ϕ(γ2) ∈ C2, ϕ(γ3) ∈ C2, ϕ(γ4) ∈ C1,
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(3) ϕ(γ1) ∈ C2, ϕ(γ2) ∈ C3, ϕ(γ3) ∈ C3, ϕ(γ4) ∈ C1,
(4) ϕ(γ1) ∈ C3, ϕ(γ2) ∈ C3, ϕ(γ3) ∈ C3, ϕ(γ4) ∈ C1.
By an easy calculation, we see that there exists no surface kernel homomorphism which
satisfies (1) or (3).
Now suppose that ϕ satisfies the condition (2). By the first assertion of Lemma 2, ϕ is
topologically equivalent to a surface kernel homomorphism ϕ′ with ϕ′(γ1)=A2. We note
that A is an element of the centralizer CS4(A2) and
A
(
A2B
)
A−1 = B.
Therefore, by the second assertion of Lemma 2, ϕ is topologically equivalent to a
surface kernel homomorphism ϕ′′ with ϕ′′(γ1) = A2, ϕ′′(γ2)= A2 or B . Since ϕ′′(γ1)=
ϕ′′(γ2) = A2 implies |ϕ′′(γ3)| = |ϕ′′(γ4)|, there exists no surface kernel homomorphism
with ϕ′′(γ1)= ϕ′′(γ2)=A2. Then we have ϕ′′(γ1)=A2 and ϕ′′(γ2)= B . Further, we note
that A2,B ∈CS4({A2,B}) and
B
(
A3B
)
B−1 =AB,
A2
(
A3BC
)
A−2 =A3C,
A2
(
A3BC2
)
A−2 =AC2.
Therefore, by the third assertion of Lemma 2, ϕ is topologically equivalent to one of the
following two homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ1 A2 B AB A3
ϕ2 A
2 B AC2 A3C2
Neither ϕ1 nor ϕ2 is surjective homomorphism. Hence there exists no surface kernel
homomorphism which satisfies the condition (2).
Next suppose that ϕ satisfies the condition (4). In a similar way, we see that ϕ is
topologically equivalent to one of the following four surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ3 AB A3B A3C ABC
ϕ4 AB A
3C A3B ABC2
ϕ5 AB A3C A3BC A
3 2ϕ6 AB A C AC ABC
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equivalent to one another.
Γ (0;2,2,2,4)
ix ◦ θ(2,3)
ϕ3
S4
id.
Γ (0;2,2,2,4) ϕ4 S4
where x is an element of Γ (0;2,2,2,4) with ϕ4(x)=A3B .
Γ (0;2,2,2,4)
ix ◦ θ(1,2) ◦ θ(2,3)
ϕ3
S4
id.
Γ (0;2,2,2,4) ϕ5 S4
where x is an element of Γ (0;2,2,2,4) with ϕ5(x)=A3C2.
Γ (0;2,2,2,4)
θ−1(2,3)
ϕ3
S4
id.
Γ (0;2,2,2,4) ϕ6 S4
As was mentioned in the proofs of Lemmas 1 and 2, we have ix(y)= x−1yx,
θ(1,2) :


γ1 → γ2
γ2 → γ−12 γ1γ2
γ3 → γ3
γ4 → γ4

 , θ(2,3) :


γ1 → γ1
γ2 → γ3
γ3 → γ−13 γ2γ3
γ4 → γ4

 .
Thus every surface kernel homomorphismΓ (0;2,2,2,4)→ S4 is topologically equivalent
to ϕ3, i.e., Φ66.
Case 2. We shall classify the surface kernel homomorphisms ϕ :Γ (0;2,6,12) →
D8×Z3 up to topological equivalence. For the same reason as in Case 1, ϕ is topologically
equivalent to one of the following four surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3)
ϕ7 B AB A5
ϕ8 B A5B A
ϕ9 A3B A2B A7
3 4 5ϕ10 A B A B A
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equivalent to one another.
Γ (0;2,6,12)
id.
ϕ7
D8 ×Z3
σi
Γ (0;2,6,12) ϕi D8 ×Z3
(i = 8,9,10)
where
σ8 :
(
A→A5
B→ B
)
, σ9 :
(
A→A11
B →A3B
)
, σ10 :
(
A→A
B →A3B
)
.
Thus every surface kernel homomorphism Γ (0;2,6,12) → D8 × Z3 is topologically
equivalent to ϕ7, i.e., Φ67.
Case 3. We shall classify the surface kernel homomorphisms ϕ :Γ (0;3,4,6) →
〈2,3,3〉 up to topological equivalence. For the same reason as in Case 1, ϕ is topologically
equivalent to one of the following two surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3)
ϕ11 C A3 AC2
ϕ12 C2 A A3C
Since the following diagram is commutative, ϕ11 is topologically equivalent to ϕ12.
Γ (0;3,4,6)
id.
ϕ11 〈2,3,3〉
σ
Γ (0;3,4,6) ϕ12 〈2,3,3〉
where
σ :
(
A→A3
B →A3B
C→ C2
)
.
Thus every surface kernel homomorphism Γ (0;3,4,6)→〈2,3,3〉 is topologically equiv-
alent to ϕ11, i.e., Φ68. ✷
Proof of Proposition 1. We shall prove here only the cases (e) |G| = 5, (c) |G| = 3 and
(i) |G| = 10; the proofs of the other cases are similar.
For a cyclic group 〈A〉 of order n and an integer i relatively prime to n, let τi denote the
isomorphism of 〈A〉 defined by τi(A)=Ai .
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Riemann surface of genus 4. In this case, we see that the branching data of G is
[0;5,5,5,5] by [7, Proposition 2.1]. We shall classify the surface kernel homomorphisms
Γ (0;5,5,5,5)→ Z5 up to topological equivalence. Using Lemma 1, we see that a surface
kernel homomorphism ϕ :Γ (0;5,5,5,5)→ Z5 = 〈A〉 is topologically equivalent to one
of the following seven surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ1 A A A A
2
ϕ2 A A A4 A4
ϕ3 A A2 A3 A4
ϕ4 A A3 A3 A3
ϕ5 A2 A2 A2 A4
ϕ6 A2 A2 A3 A3
ϕ7 A3 A4 A4 A4
Since the following three diagrams are commutative, ϕ1, ϕ4, ϕ5, and ϕ7 are topologically
equivalent to one another.
Γ (0;5,5,5,5)
η7
ϕ1
Z5
τ3,
Γ (0;5,5,5,5) ϕ4 Z5
Γ (0;5,5,5,5)
id.
ϕ1
Z5
τ2,
Γ (0;5,5,5,5) ϕ5 Z5
Γ (0;5,5,5,5)
η7
ϕ1
Z5
τ4.
Γ (0;5,5,5,5) ϕ7 Z5
Here η7 is the isomorphism defined by
η7 :


γ1 → γ2
γ2 → γ3
γ3 → γ4
γ4 → γ1

 .
Further, ϕ2 is topologically equivalent to ϕ6 since the following diagram is commutative.
Γ (0;5,5,5,5)
id.
ϕ2
Z5
τ2.
Γ (0;5,5,5,5) ϕ6 Z5
42 H. Kimura / Journal of Algebra 264 (2003) 26–54Thus every surface kernel homomorphism Γ (0;5,5,5,5)→ Z5 is topologically equiva-
lent to ϕ1, ϕ2, or ϕ3. Before completing our proof, we notice the following Fact:
Fact. If ϕ is topologically equivalent to ϕ′, then there exists an o.p. homeomorphism
h :Xϕ →Xϕ′ such that
Xϕ
σ
h
X′ϕ
σ ′
Xϕ
h
X′ϕ
for every σ ∈Gϕ and some σ ′ ∈Gϕ′
is commutative. For an element σ (resp. σ ′) of Gϕ (resp. Gϕ′ ) of order > 1, we denote
by ζP (σ ) (resp. ζP ′(σ ′)) the rotation angle of σ (resp. σ ′) at P ∈ Xϕ (resp. P ′ ∈ Xϕ′ );
if σ(P ) = P, then we put ζP (σ )= 0. If the above diagram is commutative, then we have
ζP (σ )= ζh(P )(σ ′), hence
∣∣{P ∈Xϕ | ζP (σ )= ζ u|σ |}∣∣= ∣∣{P ′ ∈Xϕ′ | ζP ′(σ ′)= ζ u|σ ′|}∣∣ GCD{u, |σ |} = 1,
where ζ|σ | = exp 2π
√−1
|σ | . On the other hand,
∣∣{P ∈Xϕ | ζP (σ )= ζ u|σ |}∣∣ (σ( = 1) ∈Gϕ, GCD{u, |σ |} = 1)
is given by
∑
j
|σ ||mj
1
mj
∣∣{α ∈Gϕ | σ = αϕ(γj )umj|σ | α−1}∣∣, (1)
where [g0;m1, . . . ,mr ] is the branching data of Gϕ .
Coming back to our proof, from the branching data of Gϕi (i = 1,2,3), we see that
generators of Gϕi have four fixed points on Xϕi . From (1), we see that rotation angles of a
generator of Gϕi at fixed points are as follows:
ϕ1: ζ5, ζ5, ζ5, ζ 35 or ζ 25 , ζ 25 , ζ 25 , ζ5 or ζ 35 , ζ 35 , ζ 35 , ζ 45 or ζ 45 , ζ 45 , ζ 45 , ζ 25
ϕ2: ζ5, ζ5, ζ 45 , ζ 45 or ζ 25 , ζ 25 , ζ 35 , ζ 35
ϕ3: ζ5, ζ 25 , ζ 35 , ζ 45
Therefore we see that, from the above Fact, ϕ1, ϕ2 and ϕ3 are topologically inequivalent
to one another. Thus every surface kernel homomorphism Γ (0;5,5,5,5) → Z5 is
topologically equivalent to one and only one of ϕ1, ϕ2 and ϕ3, i.e., Φ12,Φ13, and Φ14.
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determined by ϕ3 and is inequivalent to that determined by ϕ1; we can verify it by means
of the Eichler Trace Formula:
trρ(σ)= 1 +
∑
P∈X
ζP (σ )
1 − ζP (σ )
(
σ( = 1) ∈ Aut(X)).
Case (c): |G| = 3. Let G be an automorphism group of order 3 of a compact Riemann
surface of genus 4. In this case, by [7, Proposition 2.1], we see that the branching data of
G is either [2;−], [1;3,3,3] or [0;3,3,3,3,3,3].
Case (c − 1): The branching data of G is [2;−]. We shall classify the surface kernel
homomorphisms Γ (2;−) → Z3 up to topological equivalence. Denote by ϕi,j,k,l the
homomorphism Γ (2;−)→ Z3 defined by
ϕi,j,k,l :


α1 →Ai
β1 →Aj
α2 →Ak
β2 →Al

 (Z3 = 〈A〉).
Since the following diagram is commutative, if j ≡ 0 (mod 3), then ϕi,j,k,l (resp. ϕ0,j,k,l,
ϕi,j,k,l ) is topologically equivalent to ϕ0,j,k,l (resp. ϕ0,1,k,l, ϕ−j,i,k,l ).
Γ (2;−)
η1(resp. η2,η3)
ϕi,j,k,l (resp. ϕ0,j,k,l ,ϕi,j,k,l )
Z3
id.
Γ (2;−) ϕi−j,j,k,l (resp. ϕ0,−j,k,l ,ϕ−j,i,k,l ) Z3
where
η1 :


α1 → α1β1
β1 → β1
α2 → α2
β2 → β2

 , η2 :


α1 → α1β1α−11 β−11 α−11
β1 → β−11 α−11
α2 → α2
β2 → β2

 , η3 :


α1 → α1β1α−11
β1 → α−11
α2 → α2
β2 → β2

 .
Hence ϕi,j,k,l with i ≡ 0 (mod 3) or j ≡ 0 (mod 3) is topologically equivalent to ϕ0,1,k,l.
Further, ϕi,j,k,l is topologically equivalent to ϕk,l,i,j since the following diagram is
commutative.
Γ (2;−)
η4
ϕi,j,k,l
Z3
id.
Γ (2;−) ϕk,l,i,j Z3
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η4 :


α1 → α2
β1 → β2
α2 →[α2, β2]−1α1[α2, β2]
β2 →[α2, β2]−1β1[α2, β2]

 .
Hence ϕi,j,k,l with k ≡ 0 (mod 3) or l ≡ 0 (mod 3) is topologically equivalent to ϕi,j,0,1.
Therefore we see that ϕi,j,k,l is topologically equivalent to one of ϕ0,0,0,0, ϕ0,0,0,1, or
ϕ0,1,0,1. Furthermore, ϕ0,0,0,1 is topologically equivalent to ϕ0,1,0,1 since the following
diagram is commutative.
Γ (2;−)
η5 ◦ η4
ϕ0,0,0,1
Z3
id.
Γ (2;−) ϕ0,1,0,1 Z3
where
η5 :


α1 → α2α1
β1 → β1
α2 → β1α2β−11
β2 → α2β2α−12 β−11

 .
Since ϕ0,0,0,0 is not surjective, we see that every surface kernel homomorphismΓ (2;−)→
Z3 is topologically equivalent to ϕ0,0,0,1, i.e., Φ5.
Case (c − 2): The branching data of G is [1;3,3,3]. We shall classify the surface
kernel homomorphisms Γ (1;3,3,3)→ Z3 up to topological equivalence. In this case,
any surface kernel homomorphism ϕ :Γ (1;3,3,3)→ Z3 satisfies either
ϕ(γ1)= ϕ(γ2)= ϕ(γ3)=A or ϕ(γ1)= ϕ(γ2)= ϕ(γ3)=A2.
For ϕ with ϕ(γ1)= ϕ(γ2)= ϕ(γ3)=A (resp. ϕ(γ1)= ϕ(γ2)= ϕ(γ3)=A2), we put
ϕ′ :


α→ ϕ(α)
β → ϕ(β)A−1
γ1 →A
γ2 →A



resp. ϕ′′ :


α→ ϕ(α)
β → ϕ(β)A−2
γ1 →A2
γ2 →A2
2



 .γ3 →A γ3 →A
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ϕ′′, hence we see that ϕ is topologically equivalent to ϕ′′′ with ϕ′′′(β)= 1.
Γ (1;3,3,3)
θ ′3
ϕ
Z3
id.
Γ (1;3,3,3)ϕ
′(resp. ϕ′′)
Z3
Applying the same method to ϕ′′′ ◦ η6, we see that ϕ is topologically equivalent to ϕ˜ with
ϕ˜(α)= ϕ˜(β)= 1. Here θ ′3 (resp. η6) is the isomorphism defined by
θ ′3 :


α→[α−1, γ−13 ]α
β → βα−1γ3α
γ1 → γ1
γ2 → γ2
γ3 → α−1γ3α



resp. η6 :


α→ β−1
β → βα
γ1 → γ1
γ2 → γ2
γ3 → γ3



 .
Therefore ϕ :Γ (1;3,3,3)→ Z3 is topologically equivalent to one of the following two
surjective homomorphisms.
ϕ(α) ϕ(β) ϕ(γ1) ϕ(γ2) ϕ(γ3)
ϕ1 1 1 A A A
ϕ2 1 1 A2 A2 A2
ϕ1 is topologically equivalent to ϕ2, since ϕ2 = τ2 ◦ ϕ1, where τ2(A) = A2. Thus every
surface kernel homomorphism Γ (1;3,3,3)→ Z3 is topologically equivalent to ϕ1, i.e.,
Φ6.
Case (c − 3): The branching data of G is [0;3,3,3,3,3,3]. We shall classify the
surface kernel homomorphisms Γ (0;3,3,3,3,3,3)→ Z3 up to topological equivalence.
Using Lemma 1, we see that a surface kernel homomorphism Γ (0;3,3,3,3,3,3)→ Z3
is topologically equivalent to one of the following three surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4) ϕ(γ5) ϕ(γ6)
ϕ1 A A A A A A
ϕ2 A2 A2 A2 A2 A2 A2
ϕ3 A A A A2 A2 A2
ϕ1 is topologically equivalent to ϕ2, since ϕ2 = τ2 ◦ ϕ1. As was remarked in the proof
of Case (e), if (X,G) ∼ (X′,G′), then they induce equivalent matrix representations.
Because we see that ϕ1 and ϕ3 determine inequivalent matrix representations by means
of the Eichler Trace Formula, ϕ1 is not topologically equivalent to ϕ3. Thus every surface
kernel homomorphism Γ (0;3,3,3,3,3,3)→ Z3 is topologically equivalent to one and
only one of ϕ1, ϕ3, i.e., Φ7,Φ8.
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Riemann surface of genus 4. In this case, by [7, Proposition 2.1], we see that the branching
data of G is either [0;2,2,5,5] or [0;5,10,10].
Case (i − 1): The branching data of G is [0;2,2,5,5]. We shall classify the surface
kernel homomorphisms Γ (0;2,2,5,5) → Z10 up to topological equivalence. Using
Lemma 1, we see that a surface kernel homomorphism Γ (0;2,2,5,5)→ Z10 = 〈A〉 is
topologically equivalent to one of the following two surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ1 A5 A5 A2 A8
ϕ2 A5 A5 A4 A6
ϕ1 is topologically equivalent to ϕ2, since ϕ2 = τ7 ◦ ϕ1. Thus every surface kernel
homomorphism Γ (0;2,2,5,5)→Z10 is topologically equivalent to ϕ1.
Case (i − 2): The branching data of G is [0;5,10,10]. We shall classify the
surface kernel homomorphisms Γ (0;5,10,10) → Z10 up to topological equivalence.
Using Lemma 1, we see that a surface kernel homomorphism Γ (0;5,10,10)→ Z10 is
topologically equivalent to one of the following eight surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3)
ϕ3 A2 A A7
ϕ4 A4 A7 A9
ϕ5 A6 A A3
ϕ6 A8 A3 A9
ϕ7 A2 A9 A9
ϕ8 A4 A3 A3
ϕ9 A6 A7 A7
ϕ10 A8 A A
Since the following three diagrams are commutative, ϕ3, ϕ4, ϕ5, and ϕ6 are topologically
equivalent to one another.
Γ (0;5,10,10)
id.
ϕ3
Z10
τ7,
Γ (0;5,10,10) ϕ4 Z10
Γ (0;5,10,10)
θ(2,3)
ϕ3
Z10
τ3,
Γ (0;5,10,10) ϕ5 Z10
Γ (0;5,10,10)
θ(2,3)
ϕ3
Z10
τ9.
Γ (0;5,10,10) ϕ6 Z10
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Γ (0;5,10,10)
id.
ϕ7
Z10
τ7,
Γ (0;5,10,10) ϕ8 Z10
Γ (0;5,10,10)
id.
ϕ7
Z10
τ3,
Γ (0;5,10,10) ϕ9 Z10
Γ (0;5,10,10)
id.
ϕ7
Z10
τ9.
Γ (0;5,10,10) ϕ10 Z10
Thus every surface kernel homomorphism Γ (0;5,10,10)→ Z10 is topologically equiva-
lent to ϕ3 or ϕ7. Because we see that ϕ1, ϕ3, and ϕ7 determine inequivalent matrix rep-
resentations by means of the Eichler Trace Formula, ϕ1, ϕ3, and ϕ7 are topologically
inequivalent to one another. Thus, in the case G = Z10, every surface kernel homomor-
phism is topologically equivalent to one and only one of ϕ1, ϕ3, and ϕ7, i.e., Φ23, Φ24,
and Φ25. ✷
Proof of Proposition 2. We shall prove here only the cases (a) |G| = 4 and (b) |G| = 8;
the proofs of the other cases are similar.
Case (a): |G| = 4. Let G be a noncyclic automorphism group of order 4 of a compact
Riemann surface of genus 4; then G is isomorphic to Z2 × Z2. In this case, by [7,
Proposition 2.2], we see that the branching data of G is either [0;2,2,2,2,2,2,2] or
[1;2,2,2].
Case (a − 1): The branching data of G is [0;2,2,2,2,2,2,2]. We shall classify
the surface kernel homomorphisms Γ (0;2,2,2,2,2,2,2)→ Z2 × Z2 up to topological
equivalence. The conjugate classes of Z2 ×Z2 are as follows:
C0 = {1}, C1 = {A}, C2 = {B}, C3 = {AB},
where C1,C2,C3 are conjugate classes of elements of order 2. Using Lemma 1, we see
that a surface kernel homomorphism ϕ :Γ (0;2,2,2,2,2,2,2)→Z2 ×Z2 is topologically
equivalent to one of the following six surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4) ϕ(γ5) ϕ(γ6) ϕ(γ7)
ϕ1 A A A A A B AB
ϕ2 A B B B B B AB
ϕ3 A B AB AB AB AB AB
ϕ4 A A A B B B AB
ϕ5 A A A B AB AB AB
ϕ6 A B B B AB AB AB
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Γ (0;2,2,2,2,2,2,2)
θ1
ϕ1
Z2 ×Z2
σ ′,
Γ (0;2,2,2,2,2,2,2) ϕ2 Z2 ×Z2
Γ (0;2,2,2,2,2,2,2)
θ1 ◦ θ1
ϕ1
Z2 ×Z2
σ ′ ◦ σ ′,
Γ (0;2,2,2,2,2,2,2) ϕ3 Z2 ×Z2
where
θ1 :


γ1 → γ2
γ2 → γ3
γ3 → γ4
γ4 → γ5
γ5 → γ6
γ6 → γ7
γ7 → γ1


, σ ′ :
(
A→B
B→AB
)
.
Further, ϕ4, ϕ5, and ϕ6 are topologically equivalent to one another since the following two
diagrams are commutative.
Γ (0;2,2,2,2,2,2,2)
θ1 ◦ θ1 ◦ θ1 ◦ θ1
ϕ4
Z2 ×Z2
σ ′ ◦ σ ′,
Γ (0;2,2,2,2,2,2,2) ϕ5 Z2 ×Z2
Γ (0;2,2,2,2,2,2,2)
θ1
ϕ4
Z2 ×Z2
σ ′.
Γ (0;2,2,2,2,2,2,2) ϕ6 Z2 ×Z2
Because we see that ϕ1 and ϕ4 determine inequivalent matrix representations by means
of the Eichler Trace Formula, ϕ1 is not topologically equivalent to ϕ4. Thus every surface
kernel homomorphism Γ (0;2,2,2,2,2,2,2)→ Z2 × Z2 is topologically equivalent to
one and only one of ϕ1, ϕ4, i.e., Φ31, Φ32.
Case (a−2): The branching data of G is [1;2,2,2]. We shall classify the surface kernel
homomorphisms Γ (1;2,2,2)→ Z2 ×Z2 up to topological equivalence. Using Lemma 1,
we see that a surface kernel homomorphism Γ (1;2,2,2)→ Z2 × Z2 is topologically
equivalent to ϕ with ϕ(γ1)= A,ϕ(γ2)= B,ϕ(γ3)= AB . For ϕ with ϕ(γ1)= A,ϕ(γ2)=
B,ϕ(γ3)=AB, we put
ϕ′ :


α→ ϕ(α)
β→ ϕ(β)A
γ1 →A
γ2 →B

 , ϕ′′ :


α→ ϕ(α)
β → ϕ(β)AB
γ1 →A
γ2 →B

 , ϕ′′′ :


α→ ϕ(α)
β → ϕ(β)B
γ1 →A
γ2 →B

 .γ3 →AB γ3 →AB γ3 →AB
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equivalent to one another, hence we see that ϕ is topologically equivalent to ϕ˜ with
ϕ˜(β)= 1.
Γ (1;2,2,2)
θ ′2
ϕ
Z2 ×Z2
id.,
Γ (1;2,2,2) ϕ
′
Z2 ×Z2
Γ (1;2,2,2)
θ ′3
ϕ
Z2 ×Z2
id.,
Γ (1;2,2,2) ϕ
′′
Z2 ×Z2
Γ (1;2,2,2)
θ ′2 ◦ θ ′3
ϕ
Z2 ×Z2
id.
Γ (1;2,2,2) ϕ
′′′
Z2 ×Z2
where
θ ′2 :


α→[α−1, (γ2γ3)−1]α
β → βα−1γ2γ3α
γ1 → γ1
γ2 → α−1γ2α
γ3 → α−1γ3α

 , θ
′
3 :


α→[α−1, γ−13 ]α
β → βα−1γ3α
γ1 → γ1
γ2 → γ2
γ3 → α−1γ3α

 .
Applying the same method to ϕ˜ ◦ θ2, we see that ϕ is topologically equivalent to ϕ∗ with
ϕ∗(α)= ϕ∗(β)= 1, where
θ2 :


α→ β−1
β → βα
γ1 → γ1
γ2 → γ2
γ3 → γ3

 .
Thus every surface kernel homomorphism Γ (1;2,2,2) → Z2 × Z2 is topologically
equivalent to Φ33.
Case: (b) |G| = 8. Let G be a noncyclic automorphism group of order 8 of a compact
Riemann surface of genus 4. By [7, Proposition 2.2], we have either
Case 1: G is isomorphic to D8 and the branching data of G is [0;2,2,2,2,4].
Case 2: G is isomorphic to Q8 and the branching data of G is [0;2,4,4,4].
Case 1. We shall classify the surface kernel homomorphisms Γ (0;2,2,2,2,4)→D8
up to topological equivalence. Using Lemmas 1 and 2, we see that a surface kernel
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following nine surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4) ϕ(γ5)
ϕ1 A
2 A2 B AB A
ϕ2 B B B AB A
ϕ3 B B A2B AB A3
ϕ4 B A2B B AB A3
ϕ5 B A2B A2B AB A
ϕ6 B AB AB AB A
ϕ7 B AB AB A3B A3
ϕ8 B AB A3B AB A3
ϕ9 B AB A3B A3B A
First, since the following three diagrams are commutative, ϕ2, ϕ3, ϕ4, and ϕ5 are
topologically equivalent to one another.
Γ (0;2,2,2,2,4)
θi
ϕ2
D8
id. (i = 3,4,5).
Γ (0;2,2,2,2,4) ϕi D8
Next, since the following three diagrams are commutative, ϕ6, ϕ7, ϕ8, and ϕ9 are
topologically equivalent to one another.
Γ (0;2,2,2,2,4)
θi
ϕ6
D8
id. (i = 7,8,9).
Γ (0;2,2,2,2,4) ϕi D8
Finally, since the following diagram is commutative, ϕ2 is topologically equivalent to ϕ6.
Γ (0;2,2,2,2,4)
θ−1(1,2) ◦ θ−1(2,3) ◦ θ−1(3,4)
ϕ2
D8
σ ′′.
Γ (0;2,2,2,2,4) ϕ6 D8
Here
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

γ1 → γ1
γ2 → γ2
γ3 → (γ4γ1γ2)−1γ3(γ4γ1γ2)
γ4 → γ4
γ5 → (γ−14 γ−13 γ4)−1γ5(γ−14 γ−13 γ4)

 ,
θ4 :


γ1 → γ1
γ2 → (γ3γ4γ1)γ2(γ3γ4γ1)−1
γ3 → γ3
γ4 → γ4
γ5 → (γ1γ3γ4)γ5(γ1γ3γ4)−1

 , θ5 :


γ1 → γ1
γ2 → (γ5γ1)−1γ2(γ5γ1)
γ3 → (γ5γ1)−1γ3(γ5γ1)
γ4 → (γ5γ1)−1γ4(γ5γ1)
γ5 → γ5

 ,
θ7 :


γ1 → γ1
γ2 → γ2
γ3 → γ3
γ4 → γ−15 γ4γ5
γ5 → (γ1γ2γ3)γ5(γ1γ2γ3)−1

 , θ8 :


γ1 → γ1
γ2 → γ2
γ3 → (γ4γ1γ2)γ3(γ4γ1γ2)−1
γ4 → γ4
γ5 → (γ1γ2γ4)γ5(γ1γ2γ4)−1

 ,
θ9 :


γ1 → γ1
γ2 → γ2
γ3 → γ−15 γ3γ5
γ4 → γ−15 γ4γ5
γ5 → (γ1γ2)γ5(γ1γ2)−1

 , σ ′′ :
(
A→A
B→A3B
)
.
Because we see that ϕ1 and ϕ2 determine inequivalent matrix representations by means
of the Eichler Trace Formula, ϕ1 is not topologically equivalent to ϕ2. Thus every surface
kernel homomorphismΓ (0;2,2,2,2,4)→D8 is topologically equivalent to one and only
one of ϕ1, ϕ2, i.e., Φ34, Φ35.
Case 2. We shall classify the surface kernel homomorphisms Γ (0;2,4,4,4)→Q8 up
to topological equivalence. Using Lemmas 1 and 2, we see that a surface kernel homomor-
phism Γ (0;2,4,4,4)→Q8 is topologically equivalent to the following surjective homo-
morphism.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ A2 A B AB
Thus every surface kernel homomorphism Γ (0;2,4,4,4)→Q8 is topologically equiva-
lent to Φ36. ✷
Proof of Proposition 3. We shall prove here only the case (a)|G| = 10; the proofs of
the other cases are similar. Let G be a noncyclic automorphism group of order 10 of a
compact Riemann surface of genus 4; then G is isomorphic to D10. In this case, by [7,
Proposition 2.3], we see that the branching data of G is [0;2,2,5,5]. We shall classify the
surface kernel homomorphisms Γ (0;2,2,5,5)→D10 up to topological equivalence. The
conjugate classes of D10 are as follows:
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{
B,AB,A2B,A3B,A4B
}
,
C2 =
{
A,A4
}
, C3 =
{
A2,A3
}
,
where C1,C2,C3 are conjugate classes of elements of order 2,5,5, respectively. Using
Lemmas 1 and 2, we see that a surface kernel homomorphism ϕ :Γ (0;2,2,5,5)→D10 is
topologically equivalent to one of the following six surjective homomorphisms.
ϕ(γ1) ϕ(γ2) ϕ(γ3) ϕ(γ4)
ϕ1 B B A A4
ϕ2 B A2B A A
ϕ3 B AB A4 A2
ϕ4 B A
2B A4 A3
ϕ5 B B A2 A3
ϕ6 B AB A3 A3
Since the following diagram is commutative, ϕ1 (resp. ϕ5, ϕ3) is topologically equivalent
to ϕ2 (resp. ϕ6, ϕ4).
Γ (0;2,2,5,5)
Θ1(resp. Θ2, Θ3)
ϕ1(resp. ϕ5,ϕ3)
D10
id.
Γ (0;2,2,5,5) ϕ2(resp. ϕ6,ϕ4) D10
Here
Θ1 :


γ1 → γ1
γ2 → (γ3γ1)−1γ2(γ3γ1)
γ3 → γ3
γ4 → (γ−13 γ−12 γ3)−1γ4(γ−13 γ−12 γ3)

 ,
Θ2 :


γ1 → γ1
γ2 → (γ4γ1)−1γ2(γ4γ1)
γ3 → γ2γ3γ−12
γ4 → γ4

 ,
Θ3 :


γ1 → γ1
γ2 → (γ3γ1)−1γ2(γ3γ1)
γ3 → γ3
−1

 .γ4 → (γ1γ3) γ4(γ1γ3)
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Γ (0;2,2,5,5)
id.
ϕ1
D10
σ ′′′
Γ (0;2,2,5,5) ϕ5 D10
where
σ ′′′ :
(
A→A2
B →B
)
.
By the same argument as in the proof of Proposition 1 Case (e), we see that ϕ1 is
not topologically equivalent to ϕ3. (We note that ϕ1 and ϕ3 determine equivalent matrix
representations.) Thus every surface kernel homomorphism Γ (0;2,2,5,5) → D10 is
topologically equivalent to one and only one of ϕ1, ϕ3, i.e., Φ42, Φ43. ✷
Remark 3. While I was preparing this paper, I found that their classification [7] was
incomplete. Indeed, there is another automorphism group of order 18 of compact Riemann
surface of genus 4; Breuer [1] pointed out the fact. It is needless to say that, in this paper,
we use the corrected classification. Let G18 be the missing automorphism group. ρ(G18)
is GL(4,C)-conjugate to〈(−1
1
0 1
1 0
)
,
( 1
1
ω
ω2
)
,
(
ω2
ω
ω2
ω2
)〉
,
where ω = exp 2π
√−1
3 and the branching data of G18 is [0;3,6,6]. From Propo-
sition 4 and its proof, we see that the topological equivalence class of Φ60 (resp.
Φ61,Φ62,Φ63,Φ64,Φ65) corresponds to the GL(4,C)-conjugate class of G(18) (resp.
G(3× 6,9× 4),G(18,9× 8), ρ(G18),G(9× 2,9× 4),G(18,4× 9)).
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